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A ONE-SENTENCE INVERSE IMAGE PROOF OF LUSIN’S THEOREM
SAMUEL J. FERGUSON AND TIANQI WU
Abstract. We give a one-sentence proof of Lusin’s theorem. We do not believe our approach,
by way of inverse images, is new. However, this particular proof is strikingly clear and succinct.
Standard proofs of Lusin’s theorem using simple functions, cf. [1, 3], are sometimes quite
elaborate. While they are instructive in learning “how things are done” in measure theory, we
feel that the shorter proof below should be more widely known, and might raise the popularity
of this intuitive (cf. [2]) result. The authors do not believe this approach to the proof is new.
However, this particular proof appears to be strikingly clear and succinct.
We state Lusin’s theorem with the general hypotheses of [3] in the Borel measurable context
and the conclusion from [1]. Below, Y is a Borel subset of a locally compact Hausdorff space
X , and µ is a measure on the σ-algebra of Borel subsets of X such that µ(K) < ∞ for each
compact subset K of X , µ(E) = inf{µ(U) : E ⊂ U and U is open} for each Borel subset E,
and µ(E) = sup{µ(K) : K ⊂ E and K is compact} for each Borel subset E with µ(E) <∞.
Lusin’s Theorem. Let Y and µ be as above, with µ(Y ) < ∞. If f : Y → R is Borel
measurable, then for each ε > 0, there exists a subset C of Y , which is closed in Y ’s subspace
topology, such that µ(Y \ C) < ε and the restriction of f to C, denoted f |C, is continuous.
The idea is that, to ensure f |C is continuous, it suffices to have f |
−1
C
((a, b)) open in C’s
subspace topology for each open interval (a, b) with rational endpoints a, b. After all, every open
subset of R is a union of such intervals. As we can use the assumptions on µ to approximate
all of these (countably many) intervals’ inverse images at once, we get a candidate for C.
Proof: Given ε > 0, listing all of the open intervals with rational endpoints, (a1, b1), . . . ,
(an, bn), . . . , and using the fact that, by hypothesis, there exist compact Kn and open Un such
that Kn ⊂ f
−1 ((an, bn)) ⊂ Un and µ(Un \Kn) < ε/2
n, we can let C = Y \ ∪n≥1 (Un \Kn) and
observe that, for each n ≥ 1,
f |−1
C
((an, bn)) = C ∩ f
−1 ((an, bn)) = C ∩ Un,
by definition of C. 
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